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A Family of Integral Methods for Predicting
Turbulent Boundary Layers
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A family of integral methods for predicting the development of two-dimensional incom-
pressible turbulent boundary layers in arbitrary pressure gradients is described. The mo-
mentum integral equation and a wall friction relation are used in each method. A third
equation must be selected from A) the energy integral equation, B) the entrainment equa-
tion, or C) the moment of momentum integral equation. It is shown that an over-all com-
parison of all three methods with a wide range of experimental results is generally satis-
factory. The use of B gives the best agreement for adverse pressure gradient cases whereas
the use of A and C predicts equilibrium and relaxing flows better.
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1. Introduction

OUNDARY-layer problems may be solved by direct
integration of the equations of motion. Except for the
simplest cases analytical solutions cannot be obtained. In
laminar boundary layers the problem is well defined but for
turbulent boundary layers the unknowns exceed in number
the governing equations and some degree of empiricism must
be introduced. This empirical information usually relates
turbulent quantities to the mean flow. Relatively crude
models for the wall turbulence have been suggested, such as
the eddy viscosity concept or the mixing length hypothesis.
Such models have been used in the direct integration methods
of Mellor,! Smith and Cebeci,? and Patankar and Spalding.?
Bradshaw et al.* have employed the turbulent kinetic energy
equation, thereby taking into account the effects of the
turbulence structure. These methods have to a certain ex-
tent overshadowed recent developments in integral methods.
The latter are based on more empirical assumptions but are
easier to use. A demand still exists for a fast, simple method
of calculating boundary layers which may be included
as a subroutine to an inviscid flow computer program.

A particular family of integral methods is described below
and the results of computed examples are presented. Three
variants of the basic procedure are described, each using the
momentum integral and a wall friction relation, but each
using a different third equation, which in the present case
is selected from the following: the energy integral equa-
tion, the entrainment equation, and the moment of momen-
tum integral equation. Each set of three equations is
solved simultaneously for three boundary-layer parameters,
following the method developed by Lewkowicz and Horlock®
and also used by Hirst and Reynolds.® It has been found
that the selection of the third equation and the consistency
of the starting values are important for numerical stability
and convergence. An extension of the method for calcu-
lating three-dimensional flows is outlined in Appendix C.

An earlier, less versatile, version of the family of integral
methods was presented at the recent 1968 AFSOR-IFP
Stanford Conference on Computation of Turbulent Boundary
Layers and has been published in the Conference Proceedings
(Vol. 1). The present paper deals with a more general ap-
proaeh and utilizes more stringent convergence criteria which
result in a markedly improved accuracy. The Stanford version
did not include the moment of momentum alternative.
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2. General Theory
The following boundary-layer equations are well estab-
lished (for further details see, e.g., Rotta’” and Heads).
2.1 Integral Equations
The momentum integral equation:

— + i~‘E]—(2o + 8%) = )

The energy integral equation:

1 d 1 ® U
U3dq;( U.36%%) = Um3f r———dy( D) (2)

The moment of momentum integral equation:
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The entrainment equation:
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The turbulent normal stress terms have not been included
in the first three equations, although. it is appreciated that
they may be significant near separation. The conventional
boundary-layer thicknesses are defined by
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The wall friction coefficient is given by

displaecement thickness “(53)‘

momentum thickness (5b)

energy thickness
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2.2 Velocity Profile

If the sublayer is excluded, a turbulent boundary-layer
velocity profile is well represented by the law of the wall and
the law of the wake (c.f. Coles?);

U wa
wU. k‘ + - W< > + B (6)

Here the quantities 8, II, and w referred to hereafter as the
dependent variables, may change with the streamwise co-
ordinate z, and W(y/8) is a universal wake function tabu-
lated by Coles. An analytical expression for the wake
function was suggested by Hinze,!®

W(y/8) = 1 — cos(my/é) @

The Coles profile may also be written in its velocity defect
form for evaluating the boundary-layer thicknesses and the
form parameters listed in Appendix A,

Uo—U w Y Yy
0. Tk {H [2 - W(é):l — log. 5} (8)
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2.3 Wall Friction Equation

A well-established empirical expression for the wall friction
is the Ludwieg and Tillmann equation,

w? = 0.123 X 10—0.678H(9Um/y)—0.268 (9)

where the conventional form parameter H = 6*/6. This
was used in preliminary calculations. It is more consistent
to use a friction law derived from the Coles profile. By
putting y = é at U = U, in Eq. (6), an implicit equation for
w is obtained,

1 1 1 oU.,
5k log.w = Iy loge< ) +—+B (10)
which was shown by Kawasaki'! to be almost identical with
the Ludwieg and Tillmann relation.  The wall friction law,
Eq. (10), was used in the calculations described here.

2.4 Expressions for the Dissipation Integral,
Shear Stress Integral, and Entrainment

Empirical information is required in determining the
dissipation integral D and the shear stress integral S appear-
ing in Eqgs. (2) and (3), respectively. The most advanced
way of dealing with D and § is by using empirical and theo-
retical knowledge of the structure of wall turbulence. In
consequence, one could utilize the correlation equations for
the turbulent stresses (or for the turbulent kinetic energy).
However, for simplicity, the integrals D and S in the present
work were related to the dependent variables 6, II, and w
through the turbulent shear stress distribution evolving from
the well-known two-layer eddy viscosity concept of Clauser.12
It is assumed that this model, derived originally for equilib-
rium boundary layers, may be used for more general cases.
The authors are aware of its limitations.

Details of the derivation of D and S are given in Appendix
B, the final expressions being

D= o+ — {1+logno—no+2ﬂ><

(1 — cos(mn,) + 7, Z E (=121 — 2 1)> .

= 2n — 1)2n — 1)!

e (1-3) 4] o

S = dw? I:m(l + II — log.n,). + ]% sin(wno):l (12)

where 7, = a(l + II)/k? and « is a constant determining the
magnitude of the eddy viscosity in the outer region. The
value 7, defines the point within the boundary layer where
the inner and outer regions join together.

The nondimensional entrainment £ in Eq. (4) is assumed
to depend only upon a form parameter Hs—s+ = (8 — 6%)/6 as
suggested by Head.®? An analytical approximation to Head’s
original curve is

E = 00306(H5_5* — 3)“0-653 (13)

The rate of entrainment depends primarily on the turbu-
lent structure of the flow. Head relates the entrainment to
mean flow quantities through an empirical expression which
implicitly accounts for at least some of the effects of turbu-
lence. The turbulence was explicitly taken into account
in a more fundamental way by Hirst and Reynolds,® who
used the turbulent kinetic energy equation, in its integral
form, to relate the entrainment to a characteristic turbulent
velocity scale.

All the foregoing quantities, D, S, and E, could be biased
more towards the past history of the boundary-layer develop-
ment by forming a crude rate of development relation,

dX  const

- 5 Kea—X)
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where X = D, X =8, X = F for the energy equation, the
moment of momentum equation, and the entrainment equa-
tion, respectively; the quantity X., corresponds to the
value of X inherent in equilibrium boundary layers and as
such is likely to depend on II only.

Some authors have used this relation (for example Gold-
berg,® McDonald,** and Nash!¥) but almost invariably this
procedure, and that of Hirst and Reynolds,® lead to difficulties
in choosing the initial values for those boundary layers where
the initial stage is not an equilibrium flow.

2.5 Expressions for the Boundary-Layer Thickness
and the Coles Wake Parameter

The usual definition of the absolute boundary-layer thick-
nessis 6 = y at U = 0.995U,. This is not very satisfactory
for the present type of analysis. An exact analytical ex-
pression for the absolute thickness ean be obtained by sub-
stituting Eq. (8) with Eq. (7) in Eq. (5a), giving

_ ket
T w410
By using Eqs. (7, 8, 5a, and 5b), the Coles wake

parameter II may be related to the measurable form parameter
H and the wall friction parameter » by

kH—1 kH—1\
1.5H2+<3.179—; = )H+(2-—w = )_0
(15)

P (14)8

Equation (15) is used for evaluating the initial value of II.

2.6 Equation in Terms of the Coles Parameters

The integral equations [(1), (2), (3), and (4)] may be trans-
formed into four ordinary differential equations for &, II,
and w. This is done by evaluating 6% 6, and 6** in the
integral equation in terms of 8, IT, and w by introducing Eq.
(8) into Egs. (5).

Momentum integral equation:

do 1
(G1 - wGQ)CU % + (7; -

diI d
wG3>w6 T (G~ 2wG2)6£ =

o L e

U d 20G)wd  (16)

§ Equation (14)has not been corrected for the inconsistencies re-
ported by Bull?4 which are associated with the freestream bound-
ary conditions for the Coles velocity profile in its defect form.
Bull’s paper was published after the present article had been
submitted for publication.
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Energy integral equation:
do 1
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Moment of momentum integral equation:

(2Gs — wG7)wd%6 -+ (O—g% — w@s wﬁdﬂ +
dz k dx
- od 1 dU.
(Gs — wGQ)ad—g‘c—" = = g W6 — wl)ed +

w? { % Gy [1 - 1oge(k‘i‘ Gl>] + %m(f}éa)} (18)

Entrainment equation:

dé wb dIT dw 1 dU.
C=ot) =T ™™ "0 a *
L1~ oG —0.653
(6 — wdGh) ‘—{— 0'0306<w01 ~ o, — 3) (19)

In these equations the G functions are functions of IT and the
von Kérmdn constant & and are listed in Appendix A.

For numerical convenience, the wall friction relation, Eq.
(10), should be differentiated with respeet to z, giving

1dsé dIl 1 . k\de 1 dU,
bae e T (:ﬁ&)@ Tl e 0

A similar equation may also be obtained from the Ludwieg
and Tilimann wall friction law, Eq. (9), as shown by Lew-
kowiez and Horlock.®

2.7 Choice of the Three Differential Equations

The state of a boundary layer at any streamwise station
z is adequately described by the dependent variables 6, II,
and w. Three differential equations are required if a solu-
tion in terms of these parameters is to be obtained. The
equations available are: the momentum equation, Eq. (16);
the energy equation, Eq. (17); the moment of momentum
equation, Eq. (18); the entrainment equation, Eq. (19); and
the wall friction equation, Eq. (20).

Initially a solution was attempted in which Eqs, (16, 17,
and 18) were used but it was found that stable solutions
could not be obtained. It was therefore decided to intro-
duce a wall friction relation instead of the moment of mo-
mentum equation. Equations (16, 17, and 20) thus form the
basis of method A, denoted the energy method.

It was found subsequently that method A was sensitive
to the initial conditions and the selection of the constant
a for the eddy viscosity in the outer part of the boundary
layer (for further discussion see Appendix B). It was there-
fore decided to introduce the entrainment equation (19)
instead of the energy equation. Thus the basis of method
B—the entrainment method—is the simultaneous solutions
of the momentum equation (16), the entrainment equation
(19), and the Coles wall friction relation, Eq. (20).

It is shown in the next section that predictions of method
B are for some cases closer to the experimental data than those
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of method A. It was realized subsequently that the short-
coming of method A may be due to a numerical difficulty in
solving the differential equations. The energy equation is
obtained by multiplying the basic momentum equation by
the local velocity U. However, as noted by Hirst and
Reynolds,® U approaches the freestream velocity U., asymp-
totically over a substantial part of the boundary layer, so that
the coefficients of dé/dx, dll/dx, and dw/dz in the energy
equation are little different from those in the momentum
equation [compare Eq. (16) with Eq. (17) remembering that
@ is small]. On the other hand, the coefficients in the mo-
ment of momentum equation (18) are different from those
in Eq. (17), since this equation is derived by integrating the
product of the basic momentum equation with y and not U.
A more stable solution should therefore be achieved by com-
bining the momentum equation (16), moment of momentum
equation (18), and the Coles wall friction equation (20), and
this is the basis of method C—the moment method.

3. Calculation of Examples

A very comprehensive set of data from boundary-layer
experiments has been compiled by Coles and Hirst® and
formed the basis for comparison with the calculations sub-
mitted by many workers at the 1968 AFOSR—IFP Stanford
Conference. The integral quantities and wall friction at
each longitudiual station are presented together with the
streamwise distribution of velocity and velocity gradient.
Eight of these flows have been calculated by each of the three
methods and H, ¢;, and Ry predicted. It is considered that
these eight examples constitute a reasonable test of a boundary-
layer prediction method. The notation is that of Coles and
Hirst® and details of the experiments will be found in their
review.

3.1 Method of Solution

FORTRAN IV was used to program all three methods for
the IBM 1130 machine at the Cambridge University Engi-
neering Department. Standard subroutines were used to
solve simultaneously step by step each set of three equations
for 8, II, and w by a Runge-Kutta technique. For each
flow ealculation the initial values of 8, II, and « at the start-
ing station must be fed in as data, together with the velocity
and velocity gradient at each computation step. A sub-
routine was written for parabolic interpolation between data
values of U, and dU./dx. Typical run times on the 1130
machine were 1.5 min per flow including the printout (with-
out a line printer).

3.2 Initial Conditions and Convergence of Solution

To start a calculation the initial values of 6, II, and w are
required. These parameters are not, however, independent
and one may always be expressed in terms of the other two
by Eq. (10). Although the wall constant B in the Coles
relation, Eq. (10), disappears under differentiation to give
Eq. (20) a value must be chosen at the starting point which
should remain constant during the calculation. For the
Stanford Conference, starting values of H, ¢;, and Ry were
given. There are then two possible ways of beginning
a caleulation. The three starting values may be converted
into 8, II, and w and a corresponding value of B determined
for that calculation, which in the case of mismatched initial
conditions may lead to an unrealistic value of B. Alter-
natively, a “universal” value of B may be assumed, together
with two of the given starting values and an alternative
starting value of the remaining variable determined. For
the calculations described below the second approach was
followed, using a value of B = 4.9 and the associated von
Kdrmén constant £ = 0.41. The given values of H and R
were then used to calculate the initial value of ¢;.  An itera-
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tive procedure was used to find the initial values of the de-
pendent variables from KEq. (10) and the expressions for
H and 6 given in Appendix A.

The value of B should not change at each step in the calcu-
lation. A ready means of ensuring that the solution is eon-
verging is therefore to calculate B after each step from the
local values of the dependent variables and to halve the step
until B attains its given value within a specified tolerance.
Except for two flows the tolerance on B for the calculations
described here was +=0.05. For the Schubauer and Kleba-
noff flow 2100 and the Moses 5 flow 4000 this tolerance had
to be relaxed to #=0.1 to achieve a reasonable minimum num-
ber of iterations over the whole calculation.

By appropriate choice of B, the surface roughness can be
accounted for and if such a roughness varies longitudinally
then its variation must be prescribed within the input as
B(x).

The predictions of method B, and of method A using the
Ludwieg and Tillmann relation, Eq. (9), instead of Eq. (10),
were submitted to the 1968 AFOSR-IFP Stanford Conference.
For those calculations the three initial values recommended
by Coles and Hirst were used, but without a check on B.
With these values the inconsistency of one of the governing
equations, in this case the wall friction relation, is thought
to be the cause of poor predictions in some cases of both
these two methods (and calculations by other methods
submitted to the Conference).

3.3 Empirical Constants

A number of empirical constants and functions appear in
each of the three methods. The constants in the law of the
wall in Eq. (10) have been commented upon in the preceding
section. In methods A and C a value for a appearing in
the Clauser eddy viscosity model, described in Appendix B,
has to be chosen. Although it is likely that « will vary with
the pressure gradient and past history of the flow, the same
value of @ = 0.018 was used in all the ealeulations. In
method B the entrainment function £ was assumed to follow
the curve given by Head?® and was used for all the calculations
described here.

3.4 Three~Dimensional Corrections

In some of the experimental flows used here there is a
possibility of divergent, or convergent, streamlines in the
freestream. The two-dimensional predictions of Rg¢ given
by the three methods then disagree with the experimental
points. In flows with adverse pressure gradients, some of
the momentum transfer is due to the normal turbulent
stresses, which are neglected in Eqs. (1, 2, and 3). Some
account of them can be made in an empirical way as shown
by Lewkowicz and Horlock® and Goldberg.* However, early
calculations using method A showed that the normal stress
term had little effect except near separation. A correction
for three dimensionality was made to the momentum equa-~
tion (1) and entrainment equation (4) in method B, assum-
ing that the normal stresses were negligible. The mo-
mentum inbalance data of Coles and Hirst® were used (al-
though these data were somewhat erratic), and the tech-
nique is deseribed in Appendix C.

3.5 Comments on the Predictions

Predictions of H, ¢y, and Ry by each of the methods for the
eight experimental flows are displayed in Figs. 1-8. The
experiments chosen here are not necessarily those that offer
the best agreement with the present theory. It is considered
that they cover a reasonably wide range of possible turbulent
boundary-layer flows. The effect of the three-dimensional
correction in method B on three of the flows is shown in Figs.
9-11 as curves D.
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Method A is quite good for equilibrium flows and fair for
adverse pressure gradient flows and relaxing flows. In calcu-
lations not shown here values of « other than 0.018 gave
better agreement with some of the experimental results.
Because of the similarity of coefficients in the momentum and
energy equations (16) and (17), the selection of « and the
initial values of the dependent variables are somewhat criti-
cal for insuring numerical stability and consistency. The
complicated expression for the dissipation integral, Eq.
(11), caused method A to require the longest computation
time. Method B gives better predictions of flows with
severe adverse pressure gradients but could not predict the
Moses relaxing flow. Method C is also quite good for equilib-
rium flows and is less sensitive to choice of « than method A.

It is not surprising that methods A and C agree with
equilibrium flows well, since their inherent dissipation and
shear stress integrals, respectively, are based on the Clauser
eddy viscosity concept which itself originates from
equilibrium turbulent boundary layers. The same argument
applies to method B whose entrainment function was derived
from flows with severe pressure gradients.

None of the methods could predict the Moses relaxing flow
exactly. This deficiency of all the methods is probably
due to inadequate representation of the past history element
(see Sec. 2.4).

The inclusion of three-dimensional correction terms in
method B shows the importance of taking into account the
convergence or divergence of the external flow. As pointed
out by Bradshaw and Ferriss,”” the A development is not
affected unless the correction is substantial.
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4. Conclusions

A family of integral methods for calculating two-dimen-
sional turbulent boundary layers has been developed and
It is concluded that integral
methods which solve for the parameters §, II, and «, as de-
scribed here, are adequate for most engineering purposes,
but ouly if the governing differential equations do not have
similar coefficients. The initial values of the parameters
required to start a calculation must be consistent with the
integrated form of the equations.

The authors consider that all three methods could be
improved further by consistent inclusion of the three-dimen-
sional effects and by accounting for the normal turbulent
stresses.

Appendix A: Functions of the
Dependent Variables

0* = wdG
0 = i@ — WG,
§** = 200G — 3wy + 2w?E,
H = Gi/(Gi — Gy)
Hs—sx = (1 — wGh)/(0G — w?Gh)

Using the Hinze approximation to the wake function, Eq.
(7), in the Coles velocity defect law Eq. (8), the preceding ¢
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functions become

G = % 1.0 + II)
1
Gy = 7,20 + 3.179TT + 1.51)
1
Gy = 7,(3.179 + 3.0I)
Gy = 1513(3'0 + 5.575I1 + 4.25I12 + 1.2811T¢)

G5 = ]%3(5.575 -~ 8.511 + 3.843112)

Additional G functions appearing in the moment of momen-
tum integral equation are

Gs = ;;(0.25 + 0.2974IT)

Gr = ]%2(0.75 4+ 1571311 + 0.844711%)
1

Gs = 5(0.9883 + 1.18041)

Gy = 7%13(1'0 + 2142611 + 1.1894I1%)
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Appendix B: Dissipation and Shear Integrals

The dissipation integral D in Eq. (2) and the shear stress
integral S in Eq. (3) are evaluated in terms of the dependent
variables using Clauser’s'? two-layer eddy viscosity model.
This model was originally suggested for equilibrium flows
and relates the turbulent shear stress to the mean flow.

The total shear stress 7 is the sum of its viscous and turbu-
lent components,

T = uU/dy) + p(—uv)

the former usually being ignored. The eddy viscosity eon-
cept assumes that .
—ur = e(QQU/dy)

In the Clauser model the eddy viscosity in the outer region
of the boundary layer is constant and ecan be specified by

& = alUs0*

where « is a constant. In the inner region the eddy viscosity
varies linearly with y and is given by

€& = kéU.wn

where £ is the von Kdrmédn constant and n = y/8. Equat-
ing €, to €; gives 7., the value of % at the boundary between
the inner and outer regions. The integration for D and 8
may now be carried out using Cole’s profile, Eq. (8), with
Hinze’s wake function, Eq. (7). There are basically two
regions of integration: the region 7, < 7 < 1 using ¢, and
the region 0 < % < 7, where € is appropriate. However,
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for the integral D a special subrange 0 < 7 < 7’ (where the
shear stress is assumed constant and equal to 7., its value
at the wall) must be chosen in order to avoid the logarithm
of zero in the result. The subrange covers the entire viscous
sublayer and the terms containing %’ cancel. The final
expressions for D and S are given by Eqgs. (11) and (12).
The value of « is in fact likely to vary with the develop-
ment of a particular flow. Townsend® showed that for
equilibrium flows there is a weak dependence of a on the
pressure gradient parameter. The values of « at the first
few stations of the flows calculated here were found directly
from the predictions of shear stress by method B using the
momentum equation integrated to any ordinate y. These
values ranged from 0.012 to 0.022 with a definite concentra-
tion in the interval 0.015-0.020. A recommended value of

a is therefore 0.018 and this was used in all the calculations .

of methods A and C.

Appendix C: Three-Dimensional
Boundary Layers

The three-dimensional boundary-layer equations may be
written in a streamline coordinate system on a surface of small
curvature as shown by Cooke and Hall.?® If the crossflow
is small, the crosswise derivatives may be neglected and the
resulting system of four ordinary differential equations
solved for the dependent variables and 3, the limiting stream-
line angle at the wall, provided a family of crossflow velocity
profiles is assumed. Using this procedure, Lewkowicz®
calculated the boundary on a flat plate in a curved duect,
and Wakhaloo? predicted the end wall boundary layer in a
compressor cascade passage, the three-dimersional energy
integral equation being used in both cases. In axisymmetric
flows the crosswise derivatives may be related to the stream-
wise derivatives and restriction to small crossflows is not
necessary. Under these conditions Hoadley?? has caleulated
the boundary layers in an annular diffuser containing a swirl-
ing flow, using the three-dimensional entrainment equation
derived by Cumpsty and Head.?® In all cases the Prandtl-
Mager quadratic law has been assumed for the crossflow
profiles.

For the two-dimensional flows ealculated here any experi-
mental three dimensionality generally manifests itself in a
convergence or divergence of the external streamlines, which
have very small curvature. The crossflow terms in the three-
dimensional equations may then be dropped and the mo-
mentum integral and entrainment equations (1) and (4)
become
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Here K is the convergence and may be thought of as the
reciprocal of the radius of curvature of the normals, or po-
tential lines, to the streamlines.

By normalizing and integrating the two dimensional mo-
mentum integral equation (1), Coles and Hirst®® evaluated
the momentum imbalance (PL~-PR) from the experimental
data for each run. If it is assumed that the momentum
imbalance is due only to convergence and not to the turbu-
lent normal stresses and/or streamwise curvature normal to
the wall, then the required correction is given by

(Umzo)o —d_ _
o g PL — PR)

where the subscript 0 refers to the initial conditions. The,
correction term in the entrainment equation is now CHj_ s+
and can be expressed in terms of §, II, and w. A quartic
in z was fitted by the method of least squares to the (PL-PR)
points for each run and the slope evaluated to give C at each
step in the computation procedure.

It should be noted that the convergence correction to the
momentum integral equation as evaluated here takes into
account all effects causing a momentum imbalance. The
predictions of K, are forced to be correct. However, the
correction to the entrainment equation is made under the
assumption that only three-dimensional effects are present.
Corrections to the energy integral equation and the moment
of momentum equation may be carried out in a similar
manner.

[U.(6 —6%)] — K(6 — 6% = E

C=Kf =
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